In this paper, we present the optimal homotopy analysis method (OHAM) with Green's function technique to acquire accurate numerical solutions for the nonlocal elliptic problems. We first transform the nonlocal boundary value problems into an equivalent integral equation, and then use an OHAM with convergence control parameter c 0 . To demonstrate convergence and accuracy characteristics of the OHAM method, we compare the OHAM and Adomian decomposition method (ADM) with Green's function. The numerical experiments confirm the reliability of the approach as it handles such nonlocal elliptic differential equations without imposing limiting assumptions that could change the physical structure of the solution. We also discuss the convergence and error analysis of proposed method. In summary: (i) the present approach does not require any additional computational work for unknown constants unlike ADM and VIM [1] (ii) guarantee of convergence (iii) flexibility on choice of initial guess of solution and (iv) useful analytic tool to investigate a class of nonlocal elliptic boundary value problems.
Introduction
We first consider a class of linear nonlocal elliptic boundary value problems [1, 2] : This problem (1.1) may be called a class of linear nonlocal boundary value problem since the coefficient of the derivative of the unknown solution y depends upon the integral of y itself, which in turn depends on the whole domain (0, 1) rather than on a single point.
We also study a class of nonlinear nonlocal elliptic nonlinear boundary value problems [1, 3, 4] : The problem (1.2) may be called a class of nonlinear nonlocal boundary value problem.
Such nonlocal boundary value problems arise in modeling various physical questions such as the aero-elastic behavior of suspended flexible cables subjected to icing conditions and wind action [4] [5] [6] or the dust production and diffusion in the fusion devices [4] . For details on such applications of nonlocal boundary value problems see [1, 7] and the references therein.
In [2] , the existence and uniqueness of solution of (1.1) was discussed by using a fixed point theorem and then the numerical solutions were obtained via a finite difference scheme. In [3] , Cannon and Galiffa developed a numerical method for (1.2), in which they established a priori estimates and the existence and uniqueness of the solution to the nonlinear auxiliary problem via the Schauder fixed point theorem. They proved the existence and uniqueness to the problem and analyzed a discretization of problem (1.2) and showed that a solution to the nonlinear difference problem exists and is unique and that the numerical procedure converges with error O(h). In [1] , Khuri and Wazwaz applied the variational iteration method to a class of nonlocal, elliptic boundary value problems (1.1) and (1.2) and established uniform convergence of the scheme. In [4] , Themistoclakis and Vecchio provided the sufficient conditions for the unique solvability and a more general convergence theorem for (1.2) and suggested different iterative procedures to handle the nonlocal nonlinearity of the discrete problem.
In this paper, we present the OHAM with Green's function technique to acquire accurate numerical solutions for the nonlocal elliptic problems given in (1.1) and (1.2). We first transform the given nonlocal boundary value problems into an equivalent integral equation, and then use OHAM to obtain accurate numerical solutions. To demonstrate convergence and accuracy characteristics of the OHAM, a number of test examples are included. We compare the present method and ADM with Green's function which confirms the accuracy and superiority of the OHAM. The numerical experiments confirm the reliability of the approach as it handles such nonlocal elliptic differential equations without imposing limiting assumptions that could change the physical structure of the solution. We also discuss the convergence and error analysis of proposed method. In summary: (i) the present approach does not require any additional computational work for unknown constants unlike ADM and VIM [1] (ii) guarantee of convergence (iii) flexibility on choice of an initial guess of solution and (iv) useful analytic tool to investigate a class of nonlocal elliptic boundary value problems.
Homotopy analysis method with Green's function
We consider a general form of (1.1) and (1.2) nonlocal elliptic boundary value problems as
where α(p) is a continuous positive function. By setting
, we obtain the original boundary value problems (1.1) or (1.2).
Following Singh et al. [8, 9] , we transform nonlocal elliptic boundary value problems (2.1) into an the equivalent integral equation as
where G(x, s) is given by
According to homotopy analysis method [10, 11] , we use q ∈ [0, 1] as an embedding parameter, the general zero-order deformation equation is constructed as
where y 0 (x) denotes an initial guess, c 0 = 0 is convergence-controller parameter, φ(x; q) is an unknown function and N[φ(x; q)] is given by
The zero-order deformation (2.4) becomes φ(x; 0) = y 0 (x) at q = 0 and it becomes N[φ(x; 1)] = 0 at q = 1 which is exactly the same as the original problem (2.1) provided that φ(x; 1) = y(x).
Expanding φ(x; q) in a Taylor series with respect to the parameter q, we obtain
where y k (x) is given by
The series (2.6) converges for q = 1 if c 0 = 0 is chosen properly and it reduces to
which will be one of solutions of the problem (2.2).
Defining the vector − → y k = {y 0 (x), y 1 (x), . . . , y k (x)} and differentiating (2.4), k times with respect to the parameter q, dividing it by k!, setting subsequently q = 0, the kth-order deformation equation is obtained
where
and
Thus we have
where p k and H k , are given by
Using (2.9)-(2.12), the mth-order deformation equation is simplified as
Choosing an initial guess y 0 (x) = a+(b−a)x, the components y k are successively obtained. Hence, the nth-order approximate solution of the problem (2.2) is given by
14)
The optimal value of the parameter c 0 can be obtained by minimizing the squared residual of governing equation
However, the exact squared residual error is expensive to calculate when n is large. So, we approximate E n by the discrete averaged residual error defined by
where x k = kh, k = 1, 2, ...M and the optimal value c 0 is obtained by solving
Remark 2.1. By setting c 0 = −1, the scheme (2.13) reduces to the ADM with Green's function [8, 9] .
Convergence analysis
In this section, we establish the convergence of solution defined in (2.14) of integral (2.2). Let X = C[0, 1], y be a Banach space with
Theorem 3.1. Let 0 < δ < 1 and the solution components y 0 (x), y 1 (x), y 2 (x), . . . obtained by (2.14) satisfy the condition:
and we show that is a Cauchy sequence in the Banach space X. For this purpose, consider
For every n, m ∈ N, n ≥ m > k 0 , we have
and since 0 < δ < 1 so it follows that lim n,m→∞
Proof. From Theorem 3.1, following inequality (3.2), we have
for n ≥ m. Now, as n → ∞ then φ n → y and δ n−m → 0. So,
Theorems 3.1 and 3.2 together confirm that the convergence of series solution (2.14). Proof. Since the series
By summing up the left hand-side of (2.9), we get
Letting n → ∞ and using (3.6), equation (3.7) reduces to
Using (3.8) and right hand-side of the relation (2.9), we obtain
Since c 0 = 0, then equation (3.9) reduces to
Using (3.10) and (2.9), we have
, we obtain
Hence, y(x) is the exact solution of integral equation (2.2).
Numerical results
In this section, four examples are discussed and the results are compared with existing exact solutions. We define the absolute errors as
where φ n (x) and ψ n (x) are OHAM and ADM solutions, respectively. Its exact solution is y(x) = x 3 .
Applying the OHAM (2.13) to the example (4.1), we have
Using (4.2) with an initial approximation y 0 = x, we obtain φ 2 (x, c 0 ). With the help of (2.16), the optimal value of the parameter c 0 is computed as c 0 = −0.505595, and hence the OHAM solution is given by
A comparison among the numerical results obtained by OHAM solution φ 2 (x), ADM solution ψ 2 (x) and the exact solution y(x) is depicted in Table 1 . Table 1 Numerical results of example 4.1 
Applying the OHAM (2.13) to the example (4.2), we have Table 2 . .
Applying the OHAM (2.13) with y 0 = 1 + (
− 1)x, we have
Using (4.7) and (2.16) with c 0 = −0.933697, we obtain the homotopy optimal solution as
A comparison among the numerical solution obtained by OHAM solution φ 2 (x), ADM ψ 2 (x) and the exact solution is depicted in Table 3 . . Applying the OHAM (2.13) with y 0 = 1 + (
Using (4.9) and (2.16) with c 0 = −0.612671, we obtain the homotopy optimal solution as
A comparison among the numerical solution obtained by OHAM solution φ 2 (x), ADM solution ψ 2 (x) and the exact solution is depicted in Table 4 . 
Conclusion
We presented the OHAM with Green's function technique for obtaining numerical solutions to a class of nonlinear, nonlocal, elliptic boundary value problems. We first trans-formed the given nonlocal boundary value problems into an equivalent integral equation, and then used the OHAM to obtain accurate solutions. Unlike the ADM, the OHAM always gives better convergent series solution as shown in Tables. The numerical experiments confirm the reliability of the approach as it handles such nonlocal elliptic differential equations without imposing limiting assumptions that could change the physical structure of the solution. In addition, the convergence and error analysis was presented. The proposed scheme will be used further in studying identical applications.
